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We study quantum cosmology with conformal matter comprising a perfect radiation fluid and a
number of conformally coupled scalar fields. Focusing initially on the collective coordinates (minisu-
perspace) associated with homogeneous, isotropic backgrounds, we are able to perform the quantum
gravity path integral exactly. The evolution describes a “perfect bounce”, in which the Universe
passes smoothly through the singularity. We extend the analysis to spatially flat, anisotropic uni-
verses, treated exactly, and to generic inhomogeneous, anisotropic perturbations treated at linear
and nonlinear order. This picture provides a natural, unitary description of quantum mechanical
evolution across a cosmological bounce. We provide evidence for a semiclassical description in which
all fields pass “around” the cosmological singularity along complex classical paths.
PACS numbers: 98.80.Qc, 04.60.Kz, 98.80.Cq, 04.20.Dw
Recent observations have revealed extraordinary sim-
plicity in the large-scale structure of the Universe: a spa-
tially flat geometry with nearly scale-invariant, Gaussian
fluctuations. As yet, there are no indications of tensor
(gravitational wave) modes which would signal primor-
dial inflation, nor complications such as curvature, non-
Gaussianity, or isocurvature modes. The simplicity of
these findings seems at odds with expectations based on
inflationary models predicting a “multiverse” with ran-
dom and unpredictable behavior on large scales. We are
therefore encouraged to seek more economical explana-
tions for the state of the Universe. One of the oldest
and simplest ideas [1] is that the big bang was a bounce.
Such a bounce is generally forbidden in classical general
relativity, but might be allowed in quantum gravity [2].
At the big bang singularity, the density and tempera-
ture of matter diverges. General arguments indicate that
the only complete quantum field theories are those with
a UV fixed point, i.e., which are conformally invariant
at high energies [3]. Therefore, it is of particular inter-
est to study cosmologies with conformally invariant mat-
ter. A simple example is a spatially flat, homogeneous,
and isotropic universe filled with a perfect radiation fluid,
with line element
ds2 = a2(η)(−dη2 + d~x2), (1)
with a(η) ∝ η, where η is the conformal time. This is
a good metric for all η 6= 0, and furthermore possesses
a unique analytic continuation around the singularity in
the complex η-plane. As we shall see, generic perturba-
tions about this metric share these nice properties; hence,
we term this cosmology a “perfect bounce”. Indeed, in a
pioneering paper [4] [see discussion following Eq. (5.19)],
DeWitt anticipated this idea, stating: “One might hope
that an analytic continuation could be performed around
[the singularity] but whether this would have any phys-
ical meaning is unclear.” We shall perform just such a
continuation and interpret it.
We study the quantum dynamics of a universe with
conformal matter consisting of perfect radiation and con-
formally coupled scalar fields. We first analyze homoge-
neous, isotropic backgrounds, showing that the semiclas-
sical approximation to the path integral is exact. We then
generalize to anisotropic spatially flat metrics, comput-
ing the Feynman propagator and clarifying its analytic
properties. Finally, we tackle generic inhomogeneous cos-
mologies, order by order in a perturbative expansion. Al-
though perturbation theory fails as we approach η = 0,
we can maintain its validity by deforming the η-contour
into the complex η-plane and bypassing the singularity.
This continuation respects all the symmetries of general
relativity and yields an unambiguous result. For con-
formal matter, we show there is no quantum creation of
scalar density perturbations or gravitational waves across
the bounce, indicating a well-defined vacuum. For theo-
ries with nontrivial running and/or soft breaking terms,
one would find finite particle production.
Weyl-invariant formulation.—We consider cosmology
with perfect radiation and M conformally coupled scalars
~χ = (χ1, . . . , χM ). It is convenient to “lift” Einstein grav-
ity to a classically Weyl-invariant action [5],
S =
∫
dDx
{√−g[1
2
(
(∂φ)2 − (∂~χ)2) (2)
+
(D − 2)
8(D − 1)(φ
2 − ~χ2)R− ρ
( |J |√−g
)]− Jµ∂µϕ˜} .
The fluid is characterized by a densitized particle num-
ber flux Jµ with |J | ≡ √−gµνJµJν = √−gn, where
n is the particle number density and ρ(n) is the energy
density [6]. The Lagrange multiplier ϕ˜ enforces parti-
2cle number conservation: for a homogeneous, isentropic
fluid there are no additional constraints. The action (2)
is invariant under local Weyl transformations. While φ
has the “wrong sign” kinetic term, there is no physical
ghost: one can go to “Einstein gauge” where φ2 − ~χ2 is
a constant, obtaining Einstein gravity coupled to scalars
with positive kinetic energy. However, other Weyl gauges
may be more convenient.
Quantum mechanics of a cosmological bounce.—For
homogeneous, isotropic cosmologies, one can choose a
Weyl gauge in which the metric is static and the scalars
(φ, ~χ) encode all of the dynamics. While the metric is
nonsingular in this gauge, the theory is still problematic
because the effective Planck mass, given by the coeffi-
cient of R, can vanish, so that gravity becomes strongly
coupled. Our strategy is to first identify this singularity
in the quantum propagator, and then understand how
to analytically continue around it. Our key assumption,
which we shall test in various calculations, is that there
are no singularities obstructing such a continuation. We
set D = 4 unless otherwise stated.
Fixing the metric to ds2 = −N2(t)dt2 + hijdxidxj ,
where hij is a metric of constant three-curvature R
(3) =
6κ, Eq. (2) reduces to
S = V0
∫
dt
[ ~˙χ2 − φ˙2
2N
+N
(κ
2
(φ2 − ~χ2)− ρ
)
−ϕ˜n˙] , (3)
where V0 =
∫
d3x
√
h is the comoving spatial volume
(which we take to be finite) and n ∝ ρ 34 . Define xα :=
(2ρ)−1/2(φ, ~χ), with α = 0, . . . ,M . Then, with ηαβ =
diag(−1, 1, 1 . . . ) and m = 2V0ρ, which is a coordinate
scalar, Eq. (3) becomes
S =
∫
dt
[m
2
(
1
N
x˙αx˙α −N(κxαxα + 1)
)
− ϕm˙] , (4)
with ϕ := ϕ˜V0 (dn/dm). Equation (4) is the action for
a relativistic oscillator (κ > 0), free particle (κ = 0), or
“upside-down” oscillator (κ < 0), with mass m, extend-
ing earlier work (see, e.g., Ref. [7]) for the case ρ = 0.
From Eq. (2), the effective Newton’s constant is fixed
by (φ2− ~χ2) = −2ρx2 so that, for positive radiation den-
sity, there are two timelike regions of superspace, with
x2 < 0 and x0 > 0 or x0 < 0, respectively, describ-
ing “gravity,” and a spacelike region, x2 > 0, describ-
ing “antigravity.” The presence of radiation allows real
solutions which pass smoothly from a “gravity” region
through an “antigravity” region and back to a “grav-
ity” region, i.e., classical bounces [5]. Once anisotropies
and inhomogeneities are included, generically there are
no regular, real “bounce” solutions; but there are reg-
ular, complex solutions which are deformations of the
classical bounces. We claim these are legitimate sad-
dle points of the path integral and provide a consistent
semiclassical description of a quantum bounce. To de-
scribe these complex solutions, it is convenient to define
the Einstein-frame scale factor a by xα = avα with v an
(M + 1)-vector satisfying v2 = −1, so that real nega-
tive and positive values of a represent the two “gravity”
regions, while imaginary values of a represent the “anti-
gravity” region. We shall study generic complex solutions
by analytically continuing a into the complex plane and
around the singularity at a = 0.
Let us begin with the propagator for homogeneous,
isotropic universes.
Feynman propagator from path integral. — The prop-
agator is given by a phase-space path integral [8],
G(x,m|x′,m′) :=
∫
DxαDPαDmDpmDN exp
(
i
∫ 1/2
−1/2
dt
[
x˙αPα + m˙pm −N
(
PαP
α
2m
+
m
2
(κxαxα + 1)
)])
. (5)
Equation (5) is obtained from a canonical analysis of
Eq. (3) using Dirac’s algorithm, after “solving” two
second-class constraints to eliminate ϕ and its momen-
tum [9]. Fixing the gauge N˙ = 0 allows us to replace
the path integral over N with an ordinary integral over
proper time τ = N in this gauge [10]. Integrating over m
and pm yields a delta function for m conservation. The
remaining path integrals are Gaussian and are computed
exactly using the classical solution
x(t) =
x sin
[√
κ τ(t+ 12 )
]
+ x′ sin
[√
κ τ( 12 − t)
]
sin(
√
κ τ)
. (6)
The final result is
G(x,m|x′,m′) = iδ(m−m′)
∫
dτ exp
(
−im
2
τ
)
×
(
m
√
κ
2ipi sin(
√
κτ)
)(M+1)/2
(7)
× exp
(
im
√
κ
(x2 + x′2) cos(
√
κτ)− 2x · x′
2 sin(
√
κτ)
)
.
For the Feynman propagator, τ runs from 0 to ∞. We
insert a convergence factor −τ/(2m) in the exponent
or, alternatively, define the τ -contour by steepest descent
3from the appropriate saddle point. The propagator has
the usual short-distance singularities but is otherwise reg-
ular. It is defined by analytic continuation in x0 (or a)
around these singularities through the half-plane in which
it converges. For example, in extending the amplitude
from values for which x0 − x′0 < |~x − ~x′| to values for
which x0− x′0 > |~x− ~x′|, we pass around the singularity
in the lower-half x0-plane. For κ = 0, we obtain the mas-
sive free-particle propagator on flat spacetime, for which
these analyticity properties are well known [9, 11].
For homogenous, isotropic quantum cosmology with
conformal matter, these calculations explicitly demon-
strate that the Feynman propagator is perfectly regular
at the “big bang singularity” x2 = 0 and that, since the
path integrals are Gaussian, the semiclassical approxi-
mation is exact. For a large universe, the background
is “heavy”: there is little quantum spreading or back-
reaction from perturbations [12]. More explicitly, pro-
vided radiation dominates, the action associated with its
density [the first exponent in Eq. (7)] may be expressed
as (3/8piG)HEVE , where HE and VE are the Hubble
constant and three-volume in Einstein gauge, and G is
Newton’s constant. We shall perform our analytic con-
tinuations along complex paths for which this quantity
increases at a rate sufficient to maintain the Wentzel–
Kramers–Brillouin (WKB) expansion.
We now turn to anisotropic, spatially flat cosmologies.
Again, the Feynman propagator will be defined by ana-
lytic continuation around its singularities.
Anisotropies.—Consider a spatially flat, anisotropic
metric in a conformal gauge where the determinant of
the spatial metric is static,
ds2 = −N2(t)dt2 +
D−1∑
i=1
e
4
√
D−1
D−2 λi(t)dx2i ,
D−1∑
i=1
λi = 0
(8)
(restoring the dimension D). The action (4) becomes
S =
∫
dt
[m
2
(
1
N
(
x˙2 − x2
∑
i
λ˙2i
)
−N
)
− ϕm˙] . (9)
This is again the action of a massive free particle, now
moving in a curved “superspace” metric dx2−x2 ∑i dλ2i ,
with a Lorentzian signature for a2 = −x2 > 0. Recall,
xα = avα, with v2 = −1, so the vector v parameterizes
a unit hyperboloid HM . Taking into account the con-
straint
∑
i λi = 0, the λi parameterize RD−2. Although
the path integration is hard to perform directly, there
is sufficient symmetry present for the differential equa-
tion that the propagator satisfies, the Wheeler–DeWitt
equation, to determine it completely. Fourier transform-
ing to the conserved momenta on HM × RD−2, only the
dependence on a remains to be determined. This, how-
ever, is fixed uniquely by the Wheeler–De Witt equation
and analyticity properties. The Wheeler–DeWitt equa-
tion reads
OˆaG(a,m|a′,m′) = −2ima−(M+D−2)δ(m−m′)δ(a−a′) ,
(10)
where
Oˆa ≡ d
2
da2
+
M +D − 2
a
d
da
− C
a2
+m2, (11)
with C ≡ − 14 (M −1)2− ζ2−k2A+ ξ(D−2)(2M +D−3).
Here, ζ is the momentum on HM , kA that on the space of
anisotropies, and ξ is a parameter governing the ordering
ambiguity identified by DeWitt [13] and clarified (in the
phase-space path integral) by Kucharˇ [14]. Halliwell has
made a strong case that ξ should be taken to be the con-
formal coupling on superspace, and further shown that
this is consistent with the DeWitt inner product [10].
Formally, setting D = 2 and kA = 0 in Eq. (11) removes
the anisotropy degrees of freedom and reduces the equa-
tion to that for the isotropic, flat case.
The Feynman propagator is obtained by the Wron-
skian method from the positive and negative frequency
modes, defined to be the solutions to OˆaΨ(a) = 0 which
are regular in the lower- and upper-half complex a-plane,
respectively. Up to normalization, they are given by
Ψ+,−(a) = a−(M+D−3)/2H(2,1)ν (ma), (12)
where ν = 12
√
4C + (M +D − 3)2, and H(1,2)ν are the
Hankel functions of the first and second kind. The prop-
agator is
G(a,m|a′,m′) = pi
2
mδ(m−m′)(aa′)−(M+D−3)/2
×
(
H(1)ν (ma
′)H(2)ν (ma)θ(a− a′) + (a↔ a′)
)
.(13)
For the flat, isotropic case, we obtain the free-particle
propagator in the (M + 1)-dimensional Minkowski space
of fields (φ, ~χ); for M = 0, G = δ(m−m′)e−im|a−a′|.
The modes appearing in the propagator have remark-
able properties: an incoming positive-frequency mode
continues to an outgoing positive-frequency mode, with-
out even a phase shift. This surprising behavior follows
from these facts: (i) the positive- (negative-)frequency
modes are real and decay exponentially as a runs to
negative- (positive-)imaginary values and (ii) the WKB
approximation holds at large |a|, throughout the lower-
half (upper-half) complex a-plane. Thus, the modes
continue to the positive or negative real a-axis where,
by Schwarz reflection about the imaginary a-axis, their
form is identical. The behavior of the DeWitt inner
product is also of interest. In our example, where only
the a dependence is nontrivial, this reduces to 〈1|2〉 ≡
aM+D−2Ψ∗1(a)i
←→
∂aΨ2(a). If we normalize the positive-
and negative-frequency modes at negative a, their norm
4is preserved as we pass to positive a, again by Schwarz
reflection through Re(a) = 0.
It may seem strange that the singular potential in Oˆa
has no effect on scattering states. However, the classical
theory echoes this behavior. Consider the Hamiltonian
H = N 12 (p
2
a+C/a
2−m2), with C a constant and N a La-
grange multiplier imposing H = 0. For C > 0 (which can
only occur when anisotropies are present), the classical
solutions bounce and are nonsingular,
a2(τ) = (τ − τ0)2 + C/m2, (14)
with τ = Nt and τ0 an arbitrary constant. We have
a(τ) ≈ (τ−τ0) at large negative or positive τ . The poten-
tial introduces no net time advance or delay: it slows the
trajectory but also causes a to bounce sooner. For C < 0,
the classical solutions are singular but become well de-
fined if one gives the solutions an infinitesimal imaginary
part. As a runs in from −∞ and approaches the origin,
it turns down the imaginary a-axis to a = −i√−C/m
before heading back to the origin and out to +∞. The
speed-up due to the potential and the delay from the
excursion into imaginary a cancel. This excursion repre-
sents the “antigravity” phase described in Ref. [5]. This
suggests that the “antigravity” regime is a consequence
of trying to make the quantum behavior look classical,
and that it should not be taken literally as a new classical
phase.
Noting that, for C > 0, one of the two modes diverges
at a = 0, some authors advocate setting Ψ(0) = 0. Ef-
fectively this renders Ψ real, but (i) a real Ψ cannot de-
scribe a state of nonzero a-momentum, i.e., an expanding
or a contracting universe, (ii) the DeWitt norm is zero,
so there is no meaningful notion of unitarity, and (iii)
the correspondence principle is violated, due to a phase
shift in the reflected mode which (as is easily seen) is
independent of m. Furthermore, as kA is increased, C
goes negative. For small C < 0, both solutions vanish at
a = 0, so there would be a jump in the allowed modes.
At larger C < 0 their prescription again gives a phase
shift which violates the correspondence principle. None
of these problems occur with our modes.
Inhomogeneities.—Finally, we tackle inhomogeneities
in a perturbative expansion around a flat (κ = 0) back-
ground. The amplitude between in and out states is
calculated in the saddle point (semiclassical) expansion
around the appropriate complex classical solution. At
lowest order, the initial state for the perturbations is
a Gaussian wave functional for the incoming adiabatic
vacuum. The corresponding classical perturbation is the
positive frequency mode: any mode mixing with nega-
tive frequency modes across the bounce signals particle
production. Here, for simplicity, we set M = 0 and study
only planar perturbations, taken to nonlinear order.
We solve the equations of motion following from Eq. (2)
in Einstein gauge. The background metric is given in
Eq. (1): since a(η) ∝ η, we can equivalently analytically
continue in a or in conformal time η. Assuming planar
symmetry, the perturbed metric is
ds2 ∝ η2[(−1 + 2φ)dη2 + (1 + 2(ψ + γ)) dx2 (15)
+
(
1 + (2ψ +
1
2
hT )
)
dy2 +
(
1 + (2ψ − 1
2
hT )
)
dz2
]
,
where φ, ψ, γ, and hT are functions of η and x only. For
simplicity, we set the second tensor mode in gyz to zero
(its dynamics are analogous to those of hT ).
We adopt a coordinate system in which the radiation
is at rest everywhere (comoving gauge); the radiation
density is ρ(η, x) = ρ0(η)[1 +  δr(η, x)]. We expand
the perturbations and Einstein equations in powers of
: φ(η, x) =
∑
n≥1 
n−1φ(n)(η, x), etc. At order n, Ein-
stein’s equation for the tensors hT (n) is
∂2hT (n)
∂η2
+
2
η
∂hT (n)
∂η
− ∂
2hT (n)
∂x2
= Jn(η, x) , (16)
where Jn is nonlinear in the lower-order perturbations.
There are four Einstein equations analogous to Eq. (16)
for the scalar perturbations δr, φ, ψ, and γ. In Ref. [9],
we derive the tensor and scalar Green’s functions and
solve Einstein’s equations order by order in .
Consider the nonlinear extension of positive frequency
solutions of the linearized equations, of wave number k0,
ψ(1) = A cos(k0x)
e−ik0η/
√
3
k0η
, hT (1) = B cos(k0x)
e−ik0η
k0η
,
(17)
with φ(1), γ(1), and δ
(1)
r determined in terms of ψ(1).
k0 η  1ϵ
k0 η  ϵ
FIG. 1. Following a contour in the complex η-plane inside the
annulus  < k0|η| < 1/. The dashed region indicates branch
cuts in the upper half-plane.
In Ref. [9], we give the positive frequency perturba-
tions at second order, involving gamma functions and
logarithms. After suitable definition of branch cuts, they
5are analytic in the lower-half η-plane, allowing us to avoid
the singularity at η = 0 (see Fig. 1), just as for the homo-
geneous background. To calculate the quantum produc-
tion of scalar or tensor perturbations across the bounce,
we compute the leading terms of the nonlinear perturba-
tions as η → ±∞. At large |η|, hT (2) is
AB e
−i(1+ 1√
3
)k0η (27 + 16
√
3) cos(2k0x)− 6− 5
√
3
(21 + 11
√
3)ik0η
+ . . . ,
(18)
where . . . are terms subleading in (k0η), and
ψ(2)(η, x) ∼ A
2
12
e
− 2√
3
ik0η(1 + 2 cos(2k0x)) + . . . (19)
There is no mixing of positive and negative frequencies,
and, hence, no particle production. The full functions
hT (2) and ψ(2) decay exponentially for negative imagi-
nary η. These properties extend to all orders in the per-
turbation expansion, unambiguously defining nonlinear
positive frequency modes [9].
On the real η-axis, ψ(2) does not decay at large |η|, in-
dicating a breakdown of perturbation theory. Metric per-
turbations are gauge dependent; the “gauge-invariant”
Newtonian potential Φ [15] is Φ(2) ∼ O(1/k0η) at large
|η| at second order in . Comparing with the first-order
potential Φ(1) ∼ O(1/k20η2) still indicates a breakdown
of the expansion when k0|η| ∼ 1/. This phenomenon
has a simple physical explanation. The radiation fluid
is governed by nonlinear dynamics, eventually leading to
shocks. A careful analysis [16] shows that perturbation
theory breaks down when k0|η| ∼ 1/. Perturbation the-
ory can thus be trusted for  < k0|η| < 1/ (Fig. 1), where
we obtain a perturbation expansion in  for nonsingular,
nonlinear solutions in the complex η-plane.
Conclusions. — Our results indicate that a valid semi-
classical approximation to quantum cosmology with con-
formal matter can be obtained from complex classical
paths which avoid the classical big bang singularity. For
homogeneous, isotropic backgrounds, and for anisotropic
flat backgrounds, we computed the Feynman propaga-
tor exactly, showing its large |a| behavior to be insensi-
tive to the divergent potential introduced by anisotropies
near the singularity. Finally, including inhomogeneities,
we found global, positive frequency modes; perturbation
theory fails at large times, but this is physically well un-
derstood [16]. Our investigations suggest the existence of
a consistent and complete semiclassical description of a
cosmological bounce, paving the way for detailed inves-
tigations of new, simpler and more predictive bouncing
models.
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